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ON GENERA OF LEFSCHETZ FIBRATIONS AND FINITELY
PRESENTED GROUPS
RYOMA KOBAYASHI
Abstract. It is known that every finitely presented group is the fundamental
group of the total space of a Lefschetz fibration. In this paper, we give another
proof which improves the result of Korkmaz. In addition, Korkmaz defined
the genus of a finitely presented group. We also evaluate upper bounds for
genera of some finitely presented groups.
1. Introduction
Gompf [5] proved that every finitly presented group is the fundamental group of
a closed symplectic 4-manifold. Donaldson [4] proved that every closed symplectic
4-manifold admits a Lefschetz pencil. By blowing up the base locus of a Lefschetz
pencil, we obtain a Lefschetz fibration over S2. In addition, blowing up does not
change the fundamental group of a 4-manifold. Therefore, it immediately follows
that every finitely presented group is the fundamental group of the total space of
a Lefschetz fibration.
Amoros-Bogomolov-Katzarkov-Pantev [1] and Korkmaz [9] also constructed Lef-
schetz fibrations whose fundamental groups are a given finitely presented group. In
particular, Korkmaz [9] provided explicitly a genus and a monodromy of such a
Lefschetz fibration.
Let Fn = 〈g1, . . . , gn〉 be the free group of rank n. For x ∈ Fn, the syllable length
ℓ(x) of x is defined by
ℓ(x) = min{s | x = g
m(1)
i(1) · · · g
m(s)
i(s) }.
For a finitely presented group Γ with a presentation Γ = 〈g1, . . . , gn | r1, . . . , rk〉,
Korkmaz [9] proved that for any g ≥ 2(n+
∑
1≤i≤k
ℓ(ri)−k) there exists a genus-g Lef-
schetz fibration f : X → S2 such that the fundamental group π1(X) is isomorphic
to Γ, providing explicitly a monodromy.
In this paper, we improve this result.
Theorem 1.1. Let Γ be a finitely presented group with a presentation Γ = 〈g1, . . . , gn |
r1, . . . , rk〉, and let ℓ = max
1≤i≤k
{ℓ(ri)}. Then for any g ≥ 2n + ℓ − 1, there exists a
genus-g Lefschetz fibration f : X → S2 such that the fundamental group π1(X) is
isomorphic to Γ.
In this theorem, if k = 0, we suppose ℓ = 1. We will prove the theorem by
providing an explicit monodromy.
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In addition, Korkmaz [9] defined the genus g(Γ) of a finitely presented group
Γ to be the minimal genus of a Lefschetz fibration whose fundamental group is
isomorphic to Γ. It immediately follows from the above theorem that the definition
of the genus of a finitely presented group is well-defined.
We will also prove the following theorem.
Theorem 1.2. (1) Let Bn denote the n-strands braid group. Then for n ≥ 3,
we have 2 ≤ g(Bn) ≤ 4 and g(B2) = 1.
(2) Let Hg be the hyperelliptic mapping class group of a closed connected ori-
entable surface of genus g ≥ 1. Then we have 2 ≤ g(Hg) ≤ 4.
(3) Let M0,n denote the mapping class group of a sphere with n punctures.
Then for n ≥ 3, we have 2 ≤ g(M0,n) ≤ 4 and g(M0,2) = 2.
(4) Let Sn denote the n-symmetric group. Then for n ≥ 3, we have 2 ≤ g(Sn) ≤
4 and g(S2) = 2.
(5) Let An denote the n-Artin group associated to the Dynkin diagram shown
in Figure 1. Then for n ≥ 5, we have 2 ≤ g(An) ≤ 5.
(6) Let n, k ≥ 0 be integers with n+ k ≥ 3, and let m1, . . . ,mk ≥ 2 be integers.
Then we have n+k+12 ≤ g(Z
n ⊕ Zm1 ⊕ · · · ⊕ Zmk) ≤ n+ k + 1.
1 2 3 4 5 6 n-1 n
0
Figure 1. The Dynkin diagram.
2. A Lefschetz fibration and preliminaries
2.1. A Lefschetz fibration and its monodromy. Here, we review briefly the
theory of Lefschetz fibrations.
Let X be a closed connected orientable smooth 4-manifold. A smooth map
f : X → S2 is a genus-g Lefschetz fibration over S2 if it satisfies following properties:
• All regular fibers are diffeomorphic to a closed connected oriented surface
of genus g.
• Each critical point of f has an orientation-preserving chart on which f(z1, z2) =
z21 + z
2
2 relative to a suitable smooth chart on S
2.
• Each singular fiber contains only one critical point.
• f is relatively minimal, that is, no fiber contains an embedded sphere with
the self-intersection number −1.
Let Mg be the mapping class group of a closed connected oriented surface Σg
of genus g, that is, the group of isotopy classes of orientation-preserving diffeomor-
phisms Σg → Σg. In this paper, for elements x and y of a group, the composition
xy means that we first apply x and then y. So for f, g ∈ Mg, the composition fg
means that we first apply f and then g. For a simple closed curve c on Σg, let tc be
the isotopy class of the right Dehn twist about c (see Figure 2). For a genus-g Lef-
schetz fibration which has n singular fibers, there are simple closed curves c1, . . . , cn
on Σg, each of which is called the vanishing cycle, such that each singular fiber Fi is
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diffeomorphic to Σg/ci and tc1 · · · tcn = 1. This equation is called the monodromy
of a Lefschetz fibration. Conversely, if there are simple closed curves c1, . . . , cn on
Σg such that tc1 · · · tcn = 1, then we can construct a genus-g Lefschetz fibration
with the monodromy tc1 · · · tcn = 1.
tc
c
Figure 2. The right Dehn twist about c.
For a Lefschetz fibration f : X → S2, a smooth map s : S2 → X is a section of
f if f ◦ s : S2 → S2 is the identity map.
a1 a2 a3 ag-1 ag
b1
c1 c2 c3 cg-1 cg
b2 b3 bg-1 bg
Figure 3.
For a closed connected orientable surface Σg of genus g, let a1, . . . , ag, b1, . . . , bg
and c1, . . . , cg be loops on Σg as shown in Figure 3. Then the fundamental group
π1(Σg) of Σg has a following presentation
π1(Σg) = 〈a1, b1, . . . , ag, bg | r〉,
where r = b−1g · · · b
−1
1 (a1b1a
−1
1 ) · · · (agbga
−1
g ).
Let B0, . . . , Bg and a, b, c be simple closed curves on Σg as shown in Figure 4.
In this paper, let W denote the following
W =
{
(tctBg · · · tB0)
2 when g is even,
(t2at
2
btBg · · · tB0)
2 when g is odd.
It was shown in [8] that W = 1 in the mapping class groupMg of Σg. In addition,
the Lefschetz fibration fW : XW → S
2 with the monodromy W = 1 has a section
(see [8] and [9]).
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B0
i g-i+1
B2i-1
i g-i+1
B2i
a
b
(a) The case g is odd.
c
(b) The case g is even.
Figure 4.
2.2. Preliminaries. We now state the way to obtain the presentation of the fun-
damental group of a Lefschetz fibration with a section.
Proposition 2.1 (cf. [6]). Let f : X → S2 be a genus-g Lefschetz fibration with
the monodromy tc1 · · · tcn = 1. Suppose that f has a section. Then we have
π1(X) ∼= π1(Σg)/〈c1, . . . , cn〉,
where we regard c1, . . . , cn as elements in π1(Σg).
For x, y ∈ Mg, let x
y = y−1xy. For example, for simple closed curves c1, . . . , cn
on Σg and h ∈Mg, we have (tc1 · · · tcn)
h = (h−1tc1h) · · · (h
−1tcnh) = t(c1)h · · · t(cn)h,
where (ci)h means the image of ci by h.
Proposition 2.2 ([9]). Let f : X → S2 be a genus-g Lefschetz fibration with the
monodromy V = tc1 · · · tcn = 1. Suppose that f has a section. Let d be a simple
closed curve on Σg which intersects some ci transversely at only one point. Let
f ′ : X ′ → S2 be the genus-g Lefschetz fibration with the monodromy V V td = 1.
Then we have
π1(X
′) ∼= π1(Σg)/〈c1, . . . , cn, d〉,
where we regard c1, . . . , cn and d as elements in π1(Σg).
In this paper, we denote the Lefschetz fibration with the monodromy V = 1 by
fV : XV → S
2. For example, in the above proposition, f = fV , X = XV and
f ′ = fV V tc , X
′ = XV V tc .
We next state results of Korkmaz [9].
Theorem 2.3 ([9]). (1) Let Σg be a closed connected orientable surface of
genus g ≥ 0. Then we have g(π1(Σg)) = g.
(2) Let m(Γ) denote the minimal number of generators for Γ. Then we have
m(Γ)
2 ≤ g(Γ), with the equality if and only if Γ is isomorphic to π1(Σg).
(3) For the mapping class group M1 of Σ1, we have 2 ≤ g(M1) ≤ 4.
(4) Let Bn denote the n-strands braid group. Then for n ≥ 3, we have 2 ≤
g(Bn) ≤ 5.
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(5) Let n, k ≥ 0 be integers with n+ k ≥ 3, and let m1, . . . ,mk ≥ 2 be integers.
Then we have n+k+12 ≤ g(Z
n ⊕ Zm1 ⊕ · · · ⊕ Zmk) ≤ 2(n+ k) + 1.
In Theorem 1.2, (4) and (5) of Theorem 2.3 are improved.
3. Proof of Theorem 1.1
First of all, we show a proposition used in proofs of Theorem 1.1 and 1.2. For
elements x and y in a group, let [x, y] = xyx−1y−1.
Proposition 3.1. Let fW : XW → S
2 be the genus-g Lefschetz fibration with the
monodromy W = 1, where W is as above, and let a1, b1, . . . , ag, bg be the generators
of π1(Σg) as shown in Figure 3. Then we have followings:
(1) (See [9].) Let U = WW tb1 · · ·W tbg , then the fundamental group π1(XU ) of
the Lefschetz fibration XU has the following presentation
π1(XU ) =

〈
a1, b1, . . . , ag, bg
∣∣∣∣ b1, . . . , bg,a1ag, . . . , a g
2
a g+2
2
〉
when g is even,〈
a1, b1, . . . , ag, bg
∣∣∣∣∣∣
b1, . . . , bg,
a1ag, . . . , a g−1
2
a g+3
2
,
a g+1
2
〉
when g is odd,
and, the group π1(XU ) is isomorphic to the free group of rank [
g
2 ].
(2) Let U ′ = WW tb2 · · ·W tbg−1 , then the fundamental group π1(XU ′) of the
Lefschetz fibration XU ′ has the following presentation
π1(XU ′) =

〈
a1, b1, . . . , ag, bg
∣∣∣∣∣∣∣∣
[a1, b1],
b2, . . . , bg−1,
b1bg,
a1ag, . . . , a g
2
a g+2
2
〉
when g is even,
〈
a1, b1, . . . , ag, bg
∣∣∣∣∣∣∣∣∣∣
[a1, b1],
b2, . . . , bg−1,
b1bg,
a1ag, . . . , a g−1
2
a g+3
2
,
a g+1
2
〉
when g is odd,
and, the group π1(XU ′) is isomorphic to the free product of the free group
of rank ([ g2 ]− 1) with Z⊕ Z.
Proof. Simple closed curves B0, . . . , Bg and a, b, c as shown in Figure 4 can be
described in π1(Σg), up to conjugation, as follows
• B2k = akbk+1bk+2 · · · bg−k−1bg−kcg−kag−k+1, where 0 ≤ k ≤
g
2 ,
• B2k+1 = ak+1bk+1bk+2 · · · bg−k−1bg−kcg−kag−k, where 0 ≤ k ≤
g
2 ,
• a = a g+1
2
, b = c g−1
2
a g+1
2
and c = c g
2
,
where let a0 = ag+1 = 1. In addition, note that ci = b
−1
i · · · b
−1
1 (a1b1a
−1
1 ) · · · (aibia
−1
i )
up to conjugation, for 1 ≤ i ≤ g. Since XW has a section, by Proposition 2.1, we
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first obtain a presentation of π1(XW ) as follows.
π1(XW ) =

〈
a1, b1, . . . , ag, bg
∣∣∣∣∣∣∣
cg, c g
2
,
a1ag, . . . , a g
2
a g+2
2
,
b1agbga
−1
g , . . . , b g2 a g+22
b g+2
2
a−1g+2
2
〉
when g is even,
〈
a1, b1, . . . , ag, bg
∣∣∣∣∣∣∣
cg, a g+1
2
, b g+1
2
, c g−1
2
,
a1ag, . . . , a g−1
2
a g+3
2
,
b1agbga
−1
g , . . . , b g−1
2
a g+3
2
b g+3
2
a−1g+3
2
〉
when g is odd.
(We have that π1(XW ) is isomorphic to π1(Σ[ g2 ]).) Since each bi intersects some Bj
transversely at only one point, by Proposition 2.2, we obtain the claim. 
Remark. From Proposition 3.1, we have followings.
• For n ≥ 1, there are genus-2n and (2n + 1) Lefschetz fibrations whose
fundamental groups are isomorphic to the free group of rank n.
• For n ≥ 2, there are genus-(2n− 2) and (2n− 1) Lefschetz fibrations whose
fundamental groups are isomorphic to the free product of the free group of
rank (n− 2) with Z⊕ Z.
Let Γ be a finitely presented group with a presentation Γ = 〈g1, . . . , gn | r1, . . . , rk〉
and let ℓ = max
1≤i≤k
{ℓ(ri)}. For g ≥ n + ℓ − 1 and ri, we construct a simple closed
curve Ri on Σg as below.
At first, we construct a simple closed curve R in the case n = 4 and r =
g2g1g
2
2g
−1
4 g
−2
3 as an example. Note that ℓ(r) = 5. Let x1, x2, x3, x4, x5 be loops
on Σg which are homotopic to a2, a1, a2, a4 and a3, respectively, as shown in Fig-
ure 5 (a). Let y1, y2, y3, y4 be loops on Σg which are homotopic to a5, a6, a7, a8, re-
spectively, and let z1, z2, z3, z4 be loops on Σg which are homotopic to a5, a6, a7, a8,
respectively, as shown in Figure 5 (a). First we deform Σg around y1, z1, . . . , y4, z4
as shown in Figure 5 (b). Then let D be a subsurfase containing yt and zt which
is surrounded by a simple closed curve on Σg as shown in Figure 5 (b). Next,
for 1 ≤ t ≤ 4, we move yt to the right side of xt in D, and zt to the left side of
xt+1 in D, as shown in Figure 5 (c). Let R be the loop as shown in Figure 6 (a),
and let R = (R)t−1x1 t
−1
x2
t−2x3 tx4t
2
x5
, as shown in Figure 6 (b). Finally, we deform the
surface so that y1, . . . , y4 and z1, . . . , z4 go back to their original position as shown
in Figure 6 (c).
In general, a loop Ri is constructed as follows. Let ri = g
m(1)
j(1) · · · g
m(ℓ(ri))
j(ℓ(ri))
. For
1 ≤ t ≤ ℓ(ri), let xt be a loop on Σg which is homotopic to aj(t). If j(s) = j(s
′) for
some s < s′, we put xs′ to the right side of xs. For 1 ≤ t ≤ ℓ(ri)− 1, let yt and zt
be loops on Σg which are homotopic to an+t, such that zt is in the right side of yt.
First we deform Σg around y1, z1, . . . , yℓ(ri)−1, zℓ(ri)−1, similarly to the above
example. Let c be a simple closed curve which is described in π1(Σg) as follows
c = (an+1bn+1a
−1
n+1) · · · (an+ℓ(ri)−1bn+ℓ(ri)−1a
−1
n+ℓ(ri)−1
)b−1
n+ℓ(ri)−1
· · · b−1n+1,
and intersects each of a1, . . . , an at two points, as shown in Figure 7. Then let D
be a subsurface whose boundary is c, and which contains yt and zt.
Next, for 1 ≤ t ≤ ℓ(ri)− 1, we move yt to the right side of xt in D, and zt to the
left side of xt+1 in D. We regard that this motion does not affect on loops ai, bi
and ci. Hence x1, . . . , xℓ(ri) also do not deform, as shown in Figure 5 (a).
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x2 x1 x3 x5 x4
y1 y2 y3 y4
z1 z2 z3 z4
(a)
x2 x1 x3 x5 x4
y1 z1 y2 z2 y3 z3 y4 z4
D
(b)
y1z1 y2 z2 y3 z4 z3 y4
(c)
Figure 5. The loop R in the case n = 4, r = g2g1g
2
2g
−1
4 g
−2
3 .
After that, we define a simple closed curve as shown in Figure 6 (a). More
precisely, we construct arcs Li and L
′
i as follows. The arc Li is in D. Li begins
from the point at the left side of x1 on the loop c, crosses x1, y1, z1, x2, y2, z3, . . . , in
this order, finally crosses xℓ(ri), and stops at the right side of xℓ(ri) on the loop c.
Let L′i be an arc whose base point is the end point of Li, end point is the base point
of Li, and which does not intersect the interior of D and loops a1, b1, . . . , an, bn and
cn. Note that the surface which is obtained by removing loops c, a1, b1, . . . , an, bn
and cn from Σg, and which contains L
′
i is a disk. Hence the arc L
′
i is unique up
to homotopy relative to the base point and the end point. Let Li · L
′
i denote the
composition of Li and L
′
i.
We now define Ri = (Li · L
′
i)t
−m(1)
x1 · · · t
−m(ℓ(ri))
xℓ(ri)
. Finally, we deform the surface
so that y1, z1, . . . , yℓ(ri)−1, zℓ(ri)−1 go back to their original position.
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(a)
(b) The loop R.
(c)
Figure 6. The loop R in the case n = 4, r = g2g1g
2
2g
−1
4 g
−2
3 .
Note that the loop Ri is described in π1(Σg), up to conjugation, as the following
Ri = (
∏
1≤t≤m(1)
xi,1,taj(1)) · · · (
∏
1≤t≤m(ℓ(ri))
xi,ℓ(ri),taj(ℓ(ri)))L˜i,(1)
where xi,s,t is a loop which is some products of an+1, bn+1, . . . , aℓ(ri)−1, bℓ(ri)−1 and
cn+1, and L˜i is a loop which is described in π1(Σg) as the following
L˜i =
{
b−1
j(ℓ(ri))
b−1
j(ℓ(ri))−1
· · · b−1
j(1)+1b
−1
j(1) when j(1) ≤ j(ℓ(ri)),
bj(ℓ(ri))+1bj(ℓ(ri)) · · · bj(1)bj(1)−1 when j(1) > j(ℓ(ri)).
We now prove Theorem 1.1.
Proof of Theorem 1.1. For g ≥ 2n+ ℓ− 1, let V be the following
V = UW tan+1 · · ·W
ta
[
g
2
] ,
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a1  
n
y1 z1 y
s
z

c
1 
y1 y
z1 z

c
Figure 7. The loop c where s = ℓ(ri)− 1.
where U = WW tb1 · · ·W tbg . In addition, let V ′ be the following
V ′ = V V tR1 · · ·V tRk ,
where Ri is the loop constructed previously. We show that the fundamental group
π1(XV ′) is isomorphic to Γ.
Since each of b1, . . . , bg and an+1, . . . , a[ g2 ] intersects some Bi transversely at only
one point, by Proposition 2.2, we have
π1(XV ) = π1(Σg)/〈b1, . . . , bg, an+1, . . . , a[ g2 ]〉
= π1(XU )/〈an+1, . . . , a[ g2 ]〉.
In addition, by the presentation of (1) of Proposition 3.1, we have
π1(U) = 〈a1, . . . , a[ g2 ]〉.
Therefore we have
π1(XV ) = 〈a1, . . . , a[ g2 ] | an+1, . . . , a[
g
2 ]
〉
= 〈a1, . . . , an〉,
Because of the presentation of π1(XU ) in (1) of Proposition 3.1, we assume g ≥
2n+ ℓ− 1 in place of g ≥ n+ ℓ− 1.
For any 1 ≤ i ≤ k, consider the vanishing cycle ((B0)tan+1)tRi of XV ′ . Note
that (B0)tan+1 and (an+1)tRi are described in π1(Σg) as followings
• (B0)tan+1 = an+1(b1 · · · bg),
• (an+1)tRi = an+1(zRiz
−1) for some z ∈ π1(Σg).
Then, we have that ((B0)tan+1)tRi is described in π1(Σg) as the following
((B0)tan+1)tRi = (x · an+1(b1 · · · bn) · x
−1)tRi
= (x)tRi(an+1)tRi(b1 · · · bn)tRi(x
−1)tRi
= (x)tRi(y · an+1(zRiz
−1) · y−1)(w · (B0)tRi · w
−1)((x)tRi )
−1,
for some elements x, y and w in π1(Σg). Since an+1 = (B0)tRi = 1 in π1(XV ′), we
have Ri = 1 from ((B0)tan+1)tRi = 1, in π1(XV ′). For a vanishing cycle c of XV ,
if Ri intersects c transversely at s points, then the vanishing cycle (c)tRi of XV ′ is
described in π1(Σg), up to conjugation, as the following
(c)tRi = x1R
ε1
i · · ·xsR
εs
i xs+1,
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where εj = ±1 and x1, . . . , xs+1 are elements in π1(Σg) such that c = x1 · · ·xs+1.
Since Ri = 1 and c = 1 in π1(XV ′), we can delete the relation (c)tRi = 1 of π1(XV ′).
We now define rˆi = a
m(1)
j(1) · · · a
m(ℓ(ri))
j(ℓ(ri))
for ri = g
m(1)
j(1) · · · g
m(ℓ(ri))
j(ℓ(ri))
. Since xi,s,t and
L˜i in (1) is 1 in π1(XV ′), the natural epimorphism π1(Σg)։ π1(XV ′) sends Ri to
rˆi. Note that the vanishing cycles of XV ′ consist of c and (c)tRi for all vanishing
cycles c of XV and 1 ≤ i ≤ k. Therefore, we have
π1(XV ′) = 〈a1, . . . , an | rˆ1, . . . , rˆk〉
∼= Γ.
Thus, the proof of Theorem 1.1 is completed. 
4. Proof of Theorem 1.2
In this section, we prove Theorem 1.2.
(a) The loop R1,k with k = 2.
(b) The loop R2.
(c) The loop R3 with n = 4.
Figure 8.
4.1. Proof of (1) of Theorem 1.2. For n ≥ 2, let Bn denote the n-strands braid
group. The group Bn has a presentation with generators σ1, . . . , σn−1 and with
relations
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• σiσjσ
−1
i σ
−1
j = 1, where 1 ≤ i < j − 1 ≤ n− 2,
• σiσi+1σiσ
−1
i+1σ
−1
i σ
−1
i+1 = 1, where 1 ≤ i ≤ n− 2.
Let x = σ1 and y = σ1 · · ·σn−1. Then Bn can be presented with generators x, y
and with relations
• xykxy−kx−1ykx−1y−k = 1, where 2 ≤ k ≤ n− 2,
• xyxy−1xyx−1y−1x−1yx−1y−1 = 1,
• (xy)n−1y−n = 1.
A correspondence between the first presentation and the second presentation is
given by σi = y
i−1xy1−i for 1 ≤ i ≤ n− 1. See [9] for this presentation.
We now prove (1) of Theorem 1.2.
Proof of (1) of Theorem 1.2. Since B2 is isomorphic to Z, we have g(B2) = 1 from
Theorem A.1 (cf. [9]). For n ≥ 3, since Bn is generated by two generators x, y, we
have g(Bn) ≥ 2 from (2) of Theorem 2.3 (cf. [9]). Therefore, we prove g(Bn) ≤ 4
for n ≥ 3.
Let R1,k, R2 and R3 be simple closed curves on Σ4 as shown in Figure 8, where
2 ≤ k ≤ n − 2. Note that R1,k, R2 and R3 intersect B4 transversely at only one
point, for 2 ≤ k ≤ n− 2. Loops R1,k, R2 and R3 can be described in π1(Σ4), up to
conjugation, as follows
• R1,k = a
−1
3 a
−k
4 (b3b4)
−1a2a
−k
1 (b1)a
−1
2 (b1b2)
−1ak1a
−1
2 (b3b4)a
k
4 , where 2 ≤ k ≤
n− 2,
• R2 = a
−1
3 a
−1
4 (b
−1
4 )a
−1
3 a4a
−1
3 a
−1
4 (b2b3b4)
−1a−12 (b3b4)a4a3a
−1
4 a3(b4)a4,
• R3 = (a
−1
3 a
−1
4 (b
−1
4 ))
n−1(b1b3)
−1a−n1 .
Let V1 be the following:
V1 =WW
tb1W tb2W tb3W tb4 (
∏
2≤k≤n−2
W tR1,k )W tR2W tR3 .
Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group
π1(XV1) can be presented with generators a2, a1 and with relations
• a2a
k
1a2a
−k
1 a
−1
2 a
k
1a
−1
2 a
−k
1 = 1, where 2 ≤ k ≤ n− 2,
• a2a1a2a
−1
1 a2a1a
−1
2 a
−1
1 a
−1
2 a1a
−1
2 a
−1
1 = 1,
• (a2a1)
n−1a−n1 = 1.
Let a2 = x and a1 = y. Then it follows that π1(XV1) is isomorphic toBn. Therefore,
for n ≥ 3 we have g(Bn) ≤ 4.
Thus, the proof of (1) of Theorem 1.2 is completed. 
4.2. Proof of (2) of Theorem 1.2. For g ≥ 1, letHg be the hyperelliptic mapping
class group of Σg, that is, a subgroup of the mapping class groupMg which consists
of elements commutative with a hyperelliptic involution. It is well known that there
is the natural epimorphism B2g+2 ։ Hg. For g ≥ 2, Birman and Hilden [2] gave a
presentation of the group Hg with generators σ1, . . . , σ2g+1 and with relations
• σiσjσ
−1
i σ
−1
j = 1, where 1 ≤ i < j − 1 ≤ 2g,
• σiσi+1σiσ
−1
i+1σ
−1
i σ
−1
i+1 = 1, where 1 ≤ i ≤ 2g,
• (σ1 · · ·σ2g+1)
2g+2 = 1,
• (σ1 · · ·σ2g+1σ2g+1 · · ·σ1)
2 = 1,
• [σ1 · · ·σ2g+1σ2g+1 · · ·σ1, σ1] = 1.
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(a) The loop R4.
(b) The loop R5.
(c) The loop R6.
Figure 9.
Similarly to Subsection 4.1, let x = σ1 and y = σ1 · · ·σ2g+1. Then, note that
y2g+2 = 1. We calculate
σ1 · · ·σ2g+1σ2g+1 · · ·σ1 = y(y
2gxy−2g) · · · (yxy−1)x
= y2g+1(xy−1)2gx
= y−1(xy−1)2gx
= (y−1x)2g+1.
Then we have (σ1 · · ·σ2g+1σ2g+1 · · ·σ1)
2 = (y−1x)4g+2. In addition, we have
[σ1 · · ·σ2g+1σ2g+1 · · ·σ1, σ1] = (y
−1x)2g+1x(x−1y)2g+1x−1
= (y−1x)2g+1(yx−1)2g+1.
Therefore, Hg can be presented with generators x, y and with relations
• xykxy−kx−1ykx−1y−k = 1, where 2 ≤ k ≤ 2g,
• xyxy−1xyx−1y−1x−1yx−1y−1 = 1,
• (xy)2g+1y−2g−2 = 1,
• y2g+2 = 1,
• (y−1x)4g+2 = 1,
• (y−1x)2g+1(yx−1)2g+1 = 1.
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We now prove (2) of Theorem 1.2.
Proof of (2) of Theorem 1.2. For g ≥ 1, since Hg is generated by two generators
x, y, we have g(Hg) ≥ 2 from (2) of Theorem 2.3 (cf. [9]). Therefore, we prove
g(Hg) ≤ 4 for g ≥ 1.
Let R4, R5 and R6 be simple closed curves on Σ4 as shown in Figure 9. Note that
R4, R5 and R6 intersect B2, B1 and B4 transversely at only one point, respectively.
Loops R4, R5 and R6 can be described in π1(Σ4), up to conjugation, as follows
• R4 = a
2g+2
1 (b
−1
1 ),
• R5 = (a
−1
1 a2)
4g+2(b−11 ),
• R6 = (a
−1
1 a2)
2g+1(b2b3b4)(a
−1
4 a3)
2g+1(b−13 ).
Let V2 be the following:
V2 = WW
tb1W tb2W tb3W tb4 (
∏
2≤k≤2g
W tR1,k )W tR2W tR3W tR4W tR5W tR6 .
Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group
π1(XV2) can be presented with generators a2, a1 and with relations
• a2a
k
1a2a
−k
1 a
−1
2 a
k
1a
−1
2 a
−k
1 = 1, where 2 ≤ k ≤ 2g,
• a2a1a2a
−1
1 a2a1a
−1
2 a
−1
1 a
−1
2 a1a
−1
2 a
−1
1 = 1,
• (a2a1)
2g+1a−2g−21 = 1,
• a2g+21 = 1,
• (a−11 a2)
4g+2 = 1,
• (a−11 a2)
2g+1(a1a
−1
2 )
2g+1 = 1.
Let a2 = x and a1 = y. Then it follows that π1(XV2) is isomorphic toHg. Therefore,
for g ≥ 2 we have g(Hg) ≤ 4. In particular, since the group H1 is isomorphic to
M1, we have 2 ≤ g(H1) ≤ 4 from (3) of Theorem 2.3 (cf. [9]).
Thus, the proof of (2) of Theorem 1.2 is completed. 
(a) The loop R7.
(b) The loop R8.
Figure 10.
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4.3. Proof of (3) of Theorem 1.2. For n ≥ 2, letM0,n denote the mapping class
group of an n-punctured sphere, that is, the group of isotopy classes of orientation-
preserving diffeomorphisms S2 \{p1, . . . , pn} → S
2 \{p1, . . . , pn}. Magnus [10] gave
a presentation of the group M0,n with generators σ1, . . . , σn−1 and with relations
• σiσjσ
−1
i σ
−1
j = 1, where 1 ≤ i < j − 1 ≤ n− 2,
• σiσi+1σiσ
−1
i+1σ
−1
i σ
−1
i+1 = 1, where 1 ≤ i ≤ n− 2,
• (σ1 · · ·σn−1)
n = 1,
• σ1 · · ·σn−1σn−1 · · ·σ1 = 1.
Similarly to Subsection 4.1 and 4.2, let x = σ1 and y = σ1 · · ·σn−1. Then M0,n
can be presented with generators x, y and with relations
• xykxy−kx−1ykx−1y−k = 1, where 2 ≤ k ≤ n− 2,
• xyxy−1xyx−1y−1x−1yx−1y−1 = 1,
• (xy)n−1y−n = 1,
• yn = 1,
• (y−1x)n−1 = 1.
We now prove (3) of Theorem 1.2.
Proof of (3) of Theorem 1.2. Since the group M0,2 is isomorphic to Z2, we have
g(M0,2) = 2 from Theorem A.1 (cf. [9]). For n ≥ 3, sinceM0,n is generated by two
generators x, y, we have g(M0,n) ≥ 2 from (2) of Theorem 2.3 (cf. [9]). Therefore,
we prove g(M0,n) ≤ 4 for n ≥ 3.
Let R7 and R8 be simple closed curves on Σ4 as shown in Figure 10. Note that
R7 and R8 intersect B2 and B1 transversely at only one point, respectively. Loops
R7 and R8 can be described in π1(Σ4), up to conjugation, as follows
• R7 = a
n
1 (b
−1
1 ),
• R8 = (a
−1
1 a2)
n−1(b−11 ).
Let V3 be the following:
V3 = V1W
tR7W tR8 .
Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group
π1(XV3) can be presented with generators a2, a1 and with relations
• a2a
k
1a2a
−k
1 a
−1
2 a
k
1a
−1
2 a
−k
1 = 1, where 2 ≤ k ≤ n− 2,
• a2a1a2a
−1
1 a2a1a
−1
2 a
−1
1 a
−1
2 a1a
−1
2 a
−1
1 = 1,
• (a2a1)
n−1a−n1 = 1,
• an1 = 1,
• (a−11 a2)
n−1 = 1.
Let a2 = x and a1 = y. Then it follows that π1(XV3) is isomorphic to M0,n.
Therefore, for n ≥ 2 we have g(M0,n) ≤ 4.
Thus, the proof of (3) of Theorem 1.2 is completed. 
4.4. Proof of (4) of Theorem 1.2. For n ≥ 2, let Sn denote the n-symmetric
group. It is well known that the group Sn has a presentation with generators
σ1, . . . , σn−1 and with relations
• σiσjσ
−1
i σ
−1
j = 1, where 1 ≤ i < j − 1 ≤ n− 2,
• σiσi+1σiσ
−1
i+1σ
−1
i σ
−1
i+1 = 1, where 1 ≤ i ≤ n− 2,
• σ2i = 1, where 1 ≤ i ≤ n− 1.
ON GENERA OF LEFSCHETZ FIBRATIONS AND FINITELY PRESENTED GROUPS 15
Figure 11. The loop R9.
Similarly to Subsection 4.1, let x = σ1 and y = σ1 · · ·σn−1. Since σi = y
i−1xy1−i,
σ2i = 1 if and only if x
2 = 1. Therefore Sn can be presented with generators x, y
and with relations
• xykxy−kx−1ykx−1y−k = 1, where 2 ≤ k ≤ n− 2,
• xyxy−1xyx−1y−1x−1yx−1y−1 = 1,
• (xy)n−1y−n = 1,
• x2 = 1.
We now prove (4) of Theorem 1.2.
Proof of (4) of Theorem 1.2. Since the group S2 is isomorphic to Z2, we have g(S2) =
2 from Theorem A.1 (cf. [9]). For n ≥ 3, since Sn is generated by two generators
x, y, we have g(Sn) ≥ 2 from (2) of Theorem 2.3 (cf. [9]). Therefore, we prove
g(Sn) ≤ 4 for n ≥ 3.
Let R9 be the simple closed curve on Σ4 as shown in Figure 11. Note that
R9 intersects B4 transversely at only one point. The loop R9 can be described in
π1(Σ4), up to conjugation, as follows
• R9 = a
2
2(b
−1
2 ).
Let V4 be the following:
V4 = V1W
tR9 .
Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group
π1(XV4) can be presented with generators a2, a1 and with relations
• a2a
k
1a2a
−k
1 a
−1
2 a
k
1a
−1
2 a
−k
1 = 1, where 2 ≤ k ≤ n− 2,
• a2a1a2a
−1
1 a2a1a
−1
2 a
−1
1 a
−1
2 a1a
−1
2 a
−1
1 = 1,
• (a2a1)
n−1a−n1 = 1,
• a22 = 1.
Let a2 = x and a1 = y. Then it follows that π1(XV4) is isomorphic to Sn. Therefore,
for n ≥ 2 we have g(Sn) ≤ 4.
Thus, the proof of (4) of Theorem 1.2 is completed. 
4.5. Proof of (5) of Theorem 1.2. The Artin group is introduced by [3]. For
n ≥ 5, the n-Artin group An associated to the Dynkin diagram shown in Figure 1
is defined by a presentation with generators σ1, . . . , σn−1, τ and with relations
• σiσjσ
−1
i σ
−1
j = 1, where 1 ≤ i < j − 1 ≤ n− 2,
• σiσi+1σiσ
−1
i+1σ
−1
i σ
−1
i+1 = 1, where 1 ≤ i ≤ n− 2,
• σ4τσ4τ
−1σ−14 τ
−1 = 1,
• τσiτ
−1σ−1i = 1, where 1 ≤ i ≤ n− 1 with i 6= 4.
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(a) The loop R1,k with k = 2.
(b) The loop R2.
(c) The loop R3 with n = 3.
(d) The loop R4.
(e) The loop R5,i with i = 3.
Figure 12.
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It is known that there is the natural epimorphism A2g+1 ։ Mg. Similarly to
Subsection 4.1, let x = σ1 and y = σ1 · · ·σn−1. In addition, let z = τ . Then the
group An can be presented with generators x, y, z and with relations
• xykxy−kx−1ykx−1y−k = 1, where 2 ≤ k ≤ n− 2,
• xyxy−1xyx−1y−1x−1yx−1y−1 = 1,
• (xy)n−1y−n = 1,
• (y3xy−3)z(y3xy−3)z−1(y3x−1y−3)z−1 = 1,
• z(yi−1xy1−i)z−1(yi−1x−1y1−i) = 1, where 1 ≤ i ≤ n− 1 with i 6= 4.
We now prove (5) of Theorem 1.2.
Proof of (5) of Theorem 1.2. Since An is generated by three generators x, y and
z, we have g(An) ≥ 2 from (2) of Theorem 2.3 (cf. [9]). Therefore, we prove
g(An) ≤ 5.
Let R1,k, R2, R3, R4 and R5,i be simple closed curves on Σ5 as shown in Figure 12,
where 2 ≤ k ≤ n− 2 and 2 ≤ i ≤ n− 1 with i 6= 4. Note that we can not consider
the loop R5,1. Note that R1,k, R2 and R3 intersect a transversely at only one point,
for 2 ≤ k ≤ n− 2, and that R4 and R5,i intersect b transversely at only one point,
for 2 ≤ i ≤ n− 1 with i 6= 4. Loops R1,k, R2, R3, R4 and R5,i can be described in
π1(Σ5), up to conjugation, as follows
• R1,k = b
−1
5 (b2b3b4)
−1ak2(b3b4)b
−1
5 (b3b4)
−1a−k2 (b2b3b4)b5a
−2k
4 (b
−1
3 )a
−k
2 b
−1
1 a
k
2a
2k
4 ,
where 2 ≤ k ≤ n− 2,
• R2 = b1a2(b3b4)b
−1
5 (b3b4)
−1a−12 (b3b4)b
−1
5 (b2b3b4)
−1a2(b3b4)b5(b3b4)
−1
a−12 (b2b3b4)b5a2(b3b4)b5(b3b4)
−1a−12 ,
• R3 = (b1(b2)a2)
n−1(b1(b2b3b4)b5)a
n+2
4 a
2
2,
• R4 = a
3
2b1(b2)a
3
4a
−1
5 a
−3
4 (b
−1
2 )b1(b2)a
3
4a5a
−3
4 (b
−1
2 )b
−1
1 (b2)a
3
4a5(a3b3b4)
−1,
• R5,i = a1a
i−1
2 (b4)b
−1
5 (b4)a
1−i
2 a
−1
1 (b1(b2b4)b5)a
1−i
4 (a3b4)b5(a
2−i
4 a
2−i
2 (b2))a
−1
2 a
i−2
4 (b1(b2b3b4)b5)
−1,
where 2 ≤ i ≤ n− 1 with i 6= 4.
Let V5 be the following:
V5 =WW
tb2W tb3W tb4 (
∏
2≤k≤n−2
W tR1,k )W tR2W tR3W tR4 (
∏
2≤i≤n−1,i6=4
W tR5,i ).
Then, from Proposition 2.2 and (2) of Proposition 3.1, the fundamental group
π1(XV5) can be presented with generators b1, a2, a1 and with relations
• b1a
k
2b1a
−k
2 b
−1
1 a
k
2b
−1
1 a
−k
2 = 1, where 2 ≤ k ≤ n− 2,
• b1a2b1a
−1
2 b1a2b
−1
1 a
−1
2 b
−1
1 a2b
−1
1 a
−1
2 = 1,
• (b1a2)
n−1a−n2 = 1,
• (a32b1a
−3
2 )a1(a
3
2b1a
−3
2 )a
−1
1 (a
3
2b
−1
1 a
−3
2 )a
−1
1 = 1,
• a1(a
i−1
2 b1a
1−i
2 )a
−1
1 (a
i−1
2 b
−1
1 a
1−i
2 ) = 1, where 2 ≤ i ≤ n− 1 with i 6= 4,
• a1b1a
−1
1 b
−1
1 .
Let b1 = x, a2 = y and a1 = z. Then π1(XV5) is isomorphic to An. Therefore, for
n ≥ 5 we have g(An) ≤ 5.
Thus, the proof of (5) of Theorem 1.2 is completed. 
4.6. Proof of (6) of Theorem 1.2.
Proof of (6) of Theorem 1.2. Let n, k ≥ 0 be integers with n+ k ≥ 3.
At first, we consider the case n + k is even. We put n + k = 2r. Let Ai,j
and Bi,j be simple closed curves on Σn+k+1 as shown in (a) and (b) of Figure 13,
respectively, where 1 ≤ i < j ≤ r, and let Ci,j be the simple closed curve on Σn+k+1
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2r-i+2i r+1j 2r-j+2
(a) The loop Ai,j , 1 ≤ i < j ≤ r.
2r-i+2i r+1j 2r-j+2
(b) The loop Bi,j , 1 ≤ i < j ≤ r.
2r-i+2i r+1j 2r-j+2
(c) The loop Ci,j , 1 ≤ i < j ≤ r.
2r-j+2j r+1i 2r-i+2
(d) The loop Ci,j , 1 ≤ j < i ≤ r.
2r-i+2i r+1
(e) The loop Ci,i, 1 ≤ i ≤ r.
Figure 13.
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2r-i+2i r+1
(a) The loop Rmii with mi = 2, 1 ≤ i ≤ r.
2r-i+2i r+1
(b) The loop R
mr+i
r+i with mr+i = 2, 1 ≤ i ≤ r.
Figure 14.
as shown in (c), (d) and (e) of Figure 13, where 1 ≤ i, j ≤ r. Note that each of
Ai,j , Bi,j and Ci,j intersects ar+1 transversely at only one point. Loops Ai,j , Bi,j
and Ci,j can be described in π1(Σn+k+1), up to conjugation, as follows
• Ai,j = aia
−1
j a2r−i+2a
−1
2r−j+2(c
−1
r+1b
−1
r+1), where 1 ≤ i < j ≤ r,
• Bi,j = bibjb
−1
i a2r−j+2b2r−j+2a
−1
2r−j+2(b
−1
r+1cr), where 1 ≤ i < j ≤ r,
• Ci,j = aib
−1
j a
−1
i a2r−j+2b
−1
2r−j+2a
−1
2r−j+2(ar+1b
−1
r+1), where 1 ≤ i, j ≤ r and
i 6= j,
• Ci,i = b
−1
i aibia
−1
i (b
−1
r+1), where 1 ≤ i ≤ r.
Let V6 be the following:
V6 = W (
∏
1≤i<j≤r
W tAi,j )(
∏
1≤i<j≤r
W tBi,j )(
∏
1≤i,j≤r
W tCi,j ).
Note that we have relations ar+1 = 1, br+1 = 1, cr = 1 and cr+1 = 1 in π1(XW ). In
addition, we have the relation a2r−j+2b2r−j+2a
−1
2r−j+2 = b
−1
j in π1(XW ) (see the pre-
sentation of π1(XW ) in the proof of Proposition 3.1). Then, from Proposition 2.2,
the fundamental group π1(XV6) can be presented with generators a1, b1, . . . , ar, br
and with relations
• aia
−1
j a
−1
i aj , where 1 ≤ i < j ≤ r,
• bibjb
−1
i b
−1
j , where 1 ≤ i < j ≤ r,
• aib
−1
j a
−1
i bj, where 1 ≤ i, j ≤ r and i 6= j,
• b−1i aibia
−1
i , where 1 ≤ i ≤ r.
Namely, π1(XV6) is isomorphic to Z
2r. We next consider the simple closed curve
Rmii on Σn+k+1 as shown in Figure 14, where 1 ≤ i ≤ 2r and mi ≥ 2. Note that
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2r-i+3i r+1 r+2j 2r-j+3
(a) The loop Ai,j , 1 ≤ i < j ≤ r.
2r-i+3i r+1 r+2j 2r-j+3
(b) The loop Bi,j , 1 ≤ i < j ≤ r.
2r-i+3i r+1 r+2j 2r-j+3
(c) The loop Ci,j , 1 ≤ i < j ≤ r.
2r-j+3j r+1 r+2i 2r-i+3
(d) The loop Ci,j , 1 ≤ j < i ≤ r.
2r-i+3i r+1 r+2
(e) The loop Ci,i, 1 ≤ i ≤ r.
Figure 15.
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2r-i+3i r+1 r+2
(a) The loop Ai,r+1, 1 ≤ i ≤ r.
2r-i+3i r+1 r+2
(b) The loop Cr+1,i, 1 ≤ i ≤ r.
Figure 16.
Rmii intersects ar+1 transversely at only one point. Loops R
mi
i can be described in
π1(Σn+k+1), up to conjugation, as follows
• Rmii = a
mi
i (a2r−i+2b
−1
2r−i+2a
−1
2r−i+2ar+1b
−1
r+1b
−1
i ), where 1 ≤ i ≤ r,
• R
mr+i
r+i = b
mr+i
i (a
−1
i a
−1
2r−i+2ar+1b
−1
r+1), where 1 ≤ i ≤ r.
Let V7 be the following:
V7 = V6(
∏
1≤i≤k
W
t
R
mi
i ).
Then, from Proposition 2.2, the fundamental group π1(XV7) is isomorphic to Z
n ⊕
Zm1 ⊕ · · · ⊕ Zmk . Therefore, if n+ k is even, we have g(Z
n ⊕ Zm1 ⊕ · · · ⊕ Zmk) ≤
n+ k + 1.
Next, we consider the case n + k is odd. We put n + k = 2r + 1. Let Ai,j
and Bi,j be simple closed curves on Σn+k+1 as shown in (a) and (b) of Figure 15,
respectively, where 1 ≤ i < j ≤ r, and let Ci,j be the simple closed curve on Σn+k+1
as shown in (c), (d) and (e) of Figure 15, where 1 ≤ i, j ≤ r. In addition, let Ai,r+1
and Cr+1,i be simple closed curves on Σn+k+1 as shown in (a) and (b) of Figure 16,
where 1 ≤ i ≤ r. Note that each of Ai,j , Bi,j and Ci,j intersects B2r+2 transversely
at only one point. Loops Ai,j , Bi,j and Ci,j can be described in π1(Σn+k+1), up to
conjugation, as follows
• Ai,j = aia
−1
j a2r−i+3a
−1
2r−j+3(c
−1
r+1b
−1
r+1), where 1 ≤ i < j ≤ r,
• Ai,r+1 = aia
−1
r+1(br+2)a2r−i+3(cr+2)ar+1, where 1 ≤ i ≤ r,
• Bi,j = bibjb
−1
i (br+2)a2r−j+3b2r−j+3a
−1
2r−j+3(b
−1
r+2br+1cr+1), where 1 ≤ i <
j ≤ r,
• Ci,j = aibja
−1
i (br+2)a2r−j+3b2r−j+3a
−1
2r−j+3(b
−1
r+2br+1cr+1), where 1 ≤ i, j ≤
r and i 6= j,
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2r-i+3i r+1 r+2
(a) The loop Rmii with mi = 2, 1 ≤ i ≤ r.
2r-i+3i r+1 r+2
(b) The loop R
mr+i
r+i with mi = 2, 1 ≤ i ≤ r.
r+1 r+2
(c) The loop R
m2r+1
2r+1 with m2r+1 = 2.
Figure 17.
• Ci,i = b
−1
i aibia
−1
i (b
−1
r+1), where 1 ≤ i ≤ r,
• Cr+1,i = ar+1bia
−1
r+1(br+2)a2r−i+3b2r−i+3a
−1
2r−i+3(cr+2), where 1 ≤ i ≤ r.
Let V8 be the following:
V8 = WW
tbr+1 (
∏
1≤i<j≤r+1
W tAi,j )(
∏
1≤i<j≤r
W tBi,j )(
∏
1≤i≤r+1,1≤j≤r
W tCi,j ).
Since br+1 intersects B2r+2 transversely at only one point, we have the relation
br+1 = 1 in π1(XWW tbr+1 ) from Proposition 2.2. Hence we have relations br+2 = 1
and cr+2 = 1 in π1(XWW tbr+1 ). Then, from Proposition 2.2 and the presentation
of π1(XW ) in the proof of Proposition 3.1, the fundamental group π1(XV8) is iso-
morphic to an abelian generated by a1, b1, . . . , ar, br and ar+1. We next consider
the simple closed curve Rmii on Σn+k+1 as shown in Figure 17, where 1 ≤ i ≤ 2r+1
and mi ≥ 2. Note that R
mi
i intersects B2r+2 transversely at only one point. Loops
Rmii can be described in π1(Σn+k+1), up to conjugation, as follows
• Rmii = a
mi
i (a2r−i+3b
−1
2r−i+3a
−1
2r−i+3c
−1
r+1b
−1
r+1b
−1
i ), where 1 ≤ i ≤ r,
ON GENERA OF LEFSCHETZ FIBRATIONS AND FINITELY PRESENTED GROUPS 23
• R
mr+i
r+i = b
mr+i
i (a
−1
i a
−1
2r−i+3c
−1
r+1b
−1
r+1), where 1 ≤ i ≤ r,
• R
m2r+1
2r+1 = a
m2r+1
r+1 (b
−1
r+1).
Let V9 be the following:
V9 = V8(
∏
1≤i≤k
W
t
R
mi
i ).
Then, from Proposition 2.2, the fundamental group π1(XV9) is isomorphic to Z
n ⊕
Zm1⊕· · ·⊕Zmk . Therefore, if n+k is odd, we have g(Z
n⊕Zm1⊕· · ·⊕Zmk) ≤ n+k+1.
Moreover, it is immediately follows from Theorem 2.3 (2) or (5) (cf. [9]) that
g(Zn ⊕ Zm1 ⊕ · · · ⊕ Zmk) ≥
n+k+1
2 . Thus, the proof of (6) of Theorem 1.2 is
completed.

Appendix A.
Theorem 5.1 of [9] stated followings.
• g(Γ) = 0 if and only if Γ is the trivial group.
• g(Γ) = 1 if and only if Γ is isomorphic to Z⊕ Z.
• g(Γ) = 2 if Γ is isomorphic to Z, Z⊕ Zn, Zn ⊕ Zm or Zn, where n,m ≥ 2.
However, we have that g(Z) = g(Z⊕Zn) = 1. In fact, S
3×S1, the product of Hopf
fibration with S1, is the genus-1 Lefschetz fibration without singular fibers whose
fundamental group is isomorphic to Z. In addition, L(n, 1) × S1 is the genus-1
Lefschetz fibration without singular fibers whose fundamental group is isomorphic
to Z⊕ Zn, where L(n, 1) is the lens space of the type (n, 1).
For integers n and m, let ϕn,m : ∂D
2 × T 2 → ∂D2 × T 2 be ϕn,m(e
αi, eβi, eγi) =
(eαi, e(β+nα)i, e(γ+mα)i), and let Xn,m be Xn,m = D
2 × T 2 ∪ϕn,m D
2 × T 2, where
D2 is a disk and T 2 is a torus. Then Xn,m is a T
2-bundle over S2. Conversely
any T 2-bundle over S2 is isomorphic to some Xn,m as a bundle. For example,
X0,0 = S
2 × T 2, X1,0 = S
3 × S1 and Xn,0 = L(n, 1) × S
1. Let d be the greatest
common divisor of n with m, then we have π1(Xn,m) is isomorphic to Z⊕Zd, where
we suppose that the greatest common divisor of 0 with 0 is 0.
Therefore the fundamental group of a genus-1 Lefschetz fibration without sin-
gular fibers is Z ⊕ Z, Z or Z ⊕ Zn for some n ≥ 2. On the other hand, a genus-1
Lefschetz fibration with singular fibers is an elliptic surface E(n) for some n ≥ 1
(see [7] and [11]), and E(n) is simply connected.
We summarize:
Theorem A.1. (1) g(Γ) = 0 if and only if Γ is the trivial group.
(2) g(Γ) = 1 if and only if Γ is isomorphic to Z⊕ Z, Z or Z⊕ Zn for n ≥ 2.
(3) g(Γ) = 2 if Γ is isomorphic to Zn or Zn ⊕ Zm for n,m ≥ 2.
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